CENTRAL AUTOMORPHISMS OF A FINITE p-GROUP(Y)

BY
ALBERT D. OTTO

1. Introduction. In recent years there has been an increased interest in the
relationship between the order of a finite group G and the order of the auto-
morphism group A(G) of G [1], [6], [7], [8]. Some of the interest has been focused
on the role played by the group A4.(G) of central automorphisms for a finite p-
group G; in particular, when G is a p-group of class 2 with no abelian direct
factors [2]. The purpose of this paper is (1) to use 4,(G) to show that the order
|G| of G divides |A(G)| for certain p-groups G and (2) to determine bounds on
|4.(G)| for a p-group G with no abelian direct factors.

All groups will be finite groups. p will denote a prime. If G is a group, then G,
denotes the derived group, 7(G) denotes the group of inner automorphisms, Z(G)
denotes the center (or Z, if no ambiguity is possible), and, in addition, |G|, denotes
the highest power of p dividing |G]|.

2. PN-groups. H. Fitting [5] developed a procedure for determining the number
of central automorphisms for a group with a chief series. Throughout the rest of
this paper this procedure and the associated notation will be used for the case
of a p-group. Suppose G is a p-group. Decompose G into the direct product of
two subgroups P and B where P is abelian and B has no nontrivial abelian direct
factors and is nonabelian. For each positive integer k, let a, (resp. by, resp. c)
denote the number of times the number p* appears in the invariants of P (resp. B/B,,
resp. Z(B)), let

de = a1 —ap+(ax+cy)- (@x+b.)+(a+by)- (ax+cs),

xzk x>k

and let

Pla) = 1, @ =0,
- (p%—l)(p“k—p)~-'(p“"—Pa"—l)’ a, # 0.

Fitting then showed that |4.(G)| =] -, p*% -¥(a,). We note that if nonabelian
p-groups without abelian direct factors are considered, then this equation is
greatly simplified. Thus, the following definition for p-groups is made.
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DEFINITION 1. G is a PN-group < G is a nonabelian p-group and has no non-
trivial abelian direct factors.

An immediate consequence which has already been demonstrated [2] is that if
G is a PN-group, then 4.(G) is a p-group. Since our major objective is to determine
when |G| divides |4(G)| for a p-group G, Theorem 1 shows that we may restrict
our attention to PN-groups. But first a lemma is needed.

LeMMA 1(3). Suppose P is an abelian p-group of order p", n#2. Then p™ divides
|A(P)| if and only if P is not cyclic.

Proof. Since P is abelian, A(P)=A.(P) and, hence, |A(P)|,=|A4(P)|,. In the
computation of | 4.(P)|, we shall use the prescribed notation. Let p” be the exponent
of P. Since P is abelian, b,=c,=0 for all k. Also d,=0 and (a,)=1 for k>r
whereas for k<r, dy=a2,1— Q2+, Dok At Qi Dxore Q=02 41+20; D> Qe
Thus |4.(P)|,=p", where

5= 3 (ka0 3 a +iata-n}
k=1 x>k

Since it is known [4] that if P is cyclic then p™ does not divide |A(P)|, we assume
P is not cyclic. To show that p divides |4(P)] it is sufficient to show that B=n.
It is necessary to consider two cases.

Case (a). Suppose r=1. Then a, =n and a,,=0 for all k> 1. Since P is not cyclic
and n#2, we have a,=n=3. So B=1a,(a,—1)=a,=n.

Case (b). Suppose r>1. Since >, a,>0 for k where 1<k=<r—1, we have
Srzl kag- Dok )= D52t ka,. In  addition because >5zi ka?.,=(r—1)a?,

k=i kag. 1+ 2528 (Kay: Sk @) 2 (r— Da? + 3525 (kag- 2e> ax). Then since P
is not cyclic, either a,>1 or there exists k, 1 £k <r—1, such that g, >0. Thus in
either case we have (r—1)a? + 3525 (kay-Dx> i ax) 2 ra,. So

B = kZ ka? ., +k§1 (ka,cc Z ax) +k§1 (ka,,- Z ax) +;Z:1 tay(a,—1)

x>k x>k
r—1 r—-1 r—-1
= z ka?.,+ Z (kak~ Z ax)+ Z (kak- Z ax)
k=1 k=1 x>k k=1 x>k
r—=1 r
= ra,+ z ka, = Z ka, = n.
k k=1

=1

Thus B=n.

(%) The author is indebted to the referee for a shorter, more elegant proof of Lemma 1.
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THEOREM 1. If the p-group G is the direct product P ® B of the two subgroups
P and B where P is abelian of order p™ and B is a PN-group, then p'-|A(B)|, divides
|4(G)|.

Proof. Let T=A(P) ® A(B). Then |T|,=|A(P)|, |A(B)|,- At this point we
consider three cases.

Case (a). Suppose P is not cyclic and |P|#p? Then by Lemma 1 p" divides
|A(P)|. Thus, p'-|A(B)|, divides |T|, which divides |4(G)|.

In considering the two remaining cases we look at |T-A4,(G)|,. Since A(P) is a
subgroup of 4,(G), T N A,(G)=A(P) @ (A(B) N A(G))=A(P) ® A.(B). Because A
will be either cyclic or of order p? in the two remaining cases, we assume |A(P)|,=
p . So

IT- 44|, = (T, |4(G|)T N A(G)]5
= (|4(P)|,- |A(B)|- |4(G)|o)/(| A(P)|,- | A(B)] )
= ("7 |A(B)|p)- (|4(G)|o/(p"~ - | A(B)],)).
Since |T- 4.(G)| divides |A(G)|, it is sufficient to prove
|46, > |4(B)|,-p"~ = |A(B)|-p"~*.
Case (b). Suppose P is cyclic of order p”. Using the notation described before,
| 4@ =] T¢=1 p** - ¥(ax) and |A(B)| =] Ti-1 p** where

di = ¢+ D butbyr D .
xZk x>k
Since P is cyclic, |4.(G)|,=]Tr-1 p*%. Because d,=d; for k>r to compare
|A(G)|, and |A4.(B)], it is sufficient to compare >}, kd, and 3%, kdy. It is easy
to see that

-2

D kd = > kd+(r—1)d,_,+rd,
k=1 k

<
|
[

= k(dp+c+b)+ (=D -1 +coo1+1+b,_1)
1

+r(d,'+ Z b+ Z cx)

kS
]

xZr x2r
r r—1
= 'Zl kdk+(r—1)+kzl k(c,,+bk)+r(§r zry,,ﬁux‘gr c,,).

Since ¢, =0 and b, 20 for all k and since some b, >0,

r—1
kzl k(ck+bk)+r(§; bit D &) > 0.

x2r

Consequently, %, kdy> D% -1 kdi,+r—1. Thus, |4(G)|,> |4.(B)|-p"~*.
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Case (c). Suppose P is of order p2. By Case (b) we assume that P is elementary
abelian of order p%2. Now we have (a;)=(p?—1)(p?—p) and J(a,)=1 for x#1.
Hence |4/(G)|,=p**%:-[[P-2 p**. Because d,=d, for k>1 to compare |4,(G)|,
and |4.(B)|, it is sufficient to compare 1+d; and dj. It is easily checked that
dy=di+2G 21 (bi+cy)>d;. Thus d, +1>d;+ 1. Hence,

lAc(G)lp > |Ac(B)|p'P = lAc(B)I'Pr_1°

CoROLLARY 1.1. Suppose G is a PN-group and P is an abelian p-group of order
p’- If p divides | A(G)|, then p™*" divides |A(G Q@ P)|.

We now use A.(G) to show that |G| divides |A(G)| for certain PN-groups G.
For this we make the following definition, which was first introduced by Blackburn
[3]. Let n and m be positive integers where n=m = 3.

DEFINITION 2. G is in ECF(m, n, p) £ G is a p-group of order p* and class
m—1, G/G, is elementary abelian, and |G,/G,,,|=p fori=2,3,...,m—1; G, is the
ith member of the descending central series.

THEOREM 2. Let m and n be positive integers such that nzm>3. If G is a PN-
group in ECF(m, n, p), then p" divides | A(G)|.

Proof. Since |G;/G;,,|=p for i=2,3,...,m—1 and |G|=p", |G/|G,|=p"*+2~™.
Using the notation described before, we have b;=n+2—m and b,=0 for x#1.
Thus, diy=(n+2—m)->,>, ¢, and d,=0 for k#1. Hence, |4,(G)|=p" where
F=n+2-m)-3,>, c,. Since some c¢,>0, F=n+2—m and, consequently,
|4(G)| Zpn+2-™. Let p"=|Z| and p*=|Z,/Z|; Z,is the ith member of the ascending
central series of G where Z,=Z. Since G/Z,,_, has order at least p? and Z,/Z,_,
has order at least p for i=1,2,...,m—2, we have 1 £¢t<(n+2)—(r+m). Hence
|ZZ/Zl §P("+2)_(r+'"). Then

[(G)- 4/G)| = (I(G)|- |4G)/|I(G) N 4(G)|
z (IG/Z]-p**2~")]|1Z,/Z]
> (pn—r,pn+2—m)/p(n+2)—(r+m) =Pn~

Hence, |G| divides | 4(G)|.

COROLLARY 2.1. If G is a p-group of maximal class of order = p*, then |G| divides
|4(G)I.

3. Bounds on |4.(G)| for a PN-group G. We will now prove two theorems which
show the influence of the center and commutator factor group in determining the
number of central automorphisms for a PN-group. These two theorems will then
yield bounds on |4.,(G)| for a PN-group G.
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THEOREM 3. If G is a PN-group of order p* where G|G, has order p*, then
P2 |A(G)| Z p® where
A=s- z Ca

x21
and
C=2~Zcx, when s = 2,

xZ1

s—2
= 2¢,+ Z (k+1)c+s- Z Cas when s > 2.
k=2

x2s-1

Note 1. It should be noted that if there exists a PN-group H of order p™ where
H|H, is elementary abelian of order p* and Z(G) is isomorphic to Z(H), then
|Ac(H )l =PA'

Note 2. In addition it should be noted that if there exists a PN-group K of order
p" where K/K; is of type (s— 1, 1) and Z(G) is isomorphic to Z(K), then | 4(K)| =p°.

Proof. We observe first that if s=2, then G/G, is elementary abelian of order p?
and, hence, |4,(G)| =p*=pC. Thus, we assume s>2. To help in the calculation
of |A4.(G)| the following notation is introduced. Suppose G/G, is of type (n(1),
n(2), ..., n(t)), where n(1)2n(2)= - - - 2n(t). In addition suppose

n(l) = n(2) =--- = n(sy),
n(s;+1) = n(sy+2) =-- - = n(sy), where n(s;) > n(sy)
n(Se-1+1) = n(.;a,_1+2) =..-= n(s,) = n(t), where n(s,_1) > n(sy).

For convenience we set so=0. Then >!_; n(i)=s, >%-1 (s;—s8;-)n(s;)=s, and
n(s,)>n(sz)> - - - >n(s,). Extended calculations then show that |A4.(G)|=p®
where
B = (ksq)c
léé n(sq) "
+ Z Z (ks;-1)cx

i=2 n(sp)<k<n(si-1)

+§1 [s,c,.<s‘)+(s,—si-1)( > Cx)]”(st)-

x> n(sy)

Therefore, it remains for us to show that A= B> C. To facilitate this comparison,
we let A(k) (resp. B(k), resp. C(k)) be the coefficient of the element ¢, in the term
A (resp. B, resp. C) for each k. Consequently, it is sufficient to show that A(k)=
B(k) = C(k) for each k.
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We shall first compare B(k) and C(k). If n(1)=s—1, then n(2)=1 and, hence,
B(k)=C(k) for all k. Thus, we assume n(1)<s—1. Also since G/G, is not cyclic,
5,2 2. The rest of the proof will be divided into parts.

Part (1). Suppose 1=k=n(s,). Then B(k)=ks, and C(k)=1+k since
k =n(s,) <n(s,) Ss—2. Since 5,22, B(k)= C(k).

Part (2). Suppose k=n(s,) where 1<j<a—1. Then C(n(s))=n(s;)+1 and
B(n(s)) =s;n(s;) + 3¢ ;.1 n(s)(s;—s;_,). Since n(s)=1 and s,—s,_,21 for i=j+1,
..., e and s;2 1, B(n(s,)) 2 n(s,) + 1 = C(n(s;)).

Part (3). Suppose n(s;) <k <n(s;-,) where 2<j<o. Then C(k)=k+1 and

B(k) = ’“"1*2 (51— 51 )n(s).

As in Part (2), B(k)= k+1=C(k).
Part (4). Suppose n(s;) <k=<s—2. Then C(k)=k+1 and

Bk = Z n(s)(5i—51-1) = .

But k<s5—2 implies k+1=<s—1<s. So B(k)= C(k).

Part (5). Suppose k>s—2. Then C(k)=s and B(k)=2{., n(s)(si—si_1)=Ss.
So B(k) = C(k).

We have now shown that B C. It remains for us to show 4 = B, or equivalently,
A(k) = B(k) for each k. We note that A(k)=s for each k. Therefore, we must show
that s> B(k) for each k. We will again divide the proof into parts.

Part (i). Suppose k > n(s;). Then B(k)=2>7_, (5;—8;-1)n(s;)=s.

Part (ii). Suppose k=n(s,) where 1 £j<a—1. Then

Bus)) = sp(s)+ > ns)si—si-y)

i=7+1

Since n(s;) >n(sy) > - - - >n(s;_1) > n(s,), we have that

aQ

[ i
s;n(sy) + z n(s)(si—Si-1) = (421 (si—s:- 1))”(31) + z n(s;)(si—Si-1)

i=7+1 i=7+1

[

< S HG—sDt S AENE—si0)

i=i+1

Q

= Z n(s)(s;—$i-1) = 5.

i=
Hence, s= B(k).
Part (iii). Suppose k=n(s,). Then B(k)=s,n(s,). As before we have that
N(Se)Se=n(8¢) 2f=1 ($i—8i-1) = 2f=1 n(s;)(s;— ;1) =s. Hence, s = B(k).
Part (iv). Suppose 1 =k <n(s,). Then B(k)=ks,. Since k <n(s,), ksq Sn(s,)s. <.
So s= B(k).
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Part (v). Suppose n(s;) <k <n(s;_;) where 2=<j=<«. Then
B(k) = ks;—1+ z (si—si-)n(s;) = n(s;-1)8-1+ z (si—si-)n(s) = 5.
i=5 i=1

THEOREM 4. If G is a PN-group of order p™ where Z has order p', then
p* 2 |4(6)| 2 p°

where
A=r- Z b,
x21
and
C= f kbi+r- > b,
k=1 xZr

Note 3. It should be observed that if there exists a PN-group H of order p"
where Z is elementary abelian of order p* and G/G, is isomorphic to H/H,, then
|A(H)| =p*.

Note 4. Also if there exists a PN-group K of order p* where Z is cyclic of order
p" and G/G; is isomorphic to K/Kj,, then |4(K)|=p°.

Proof. The proof of Theorem 4 corresponds very closely to the proof of
Theorem 3 and is, consequently, omitted.

From Theorems 3 and 4 we are able to derive bounds on |4.(G)|.

COROLLARY 4.1. If G is a PN-group, then G has at least p® and at most p™ central
automorphisms where p* is the order of G|G; and p" is the order of Z.

CoOROLLARY 4.2. If G is a norabelian p-group, then p? divides |A(G)|.

In addition Theorems 3 and 4 lead to some immediate results on when the order
of a PN-group will divide the order of its automorphism group. Some of these
are as follows.

COROLLARY 4.3. Suppose G is a PN-group of order p". Suppose Z is elementary
abelian of order p'. Then |G| divides | A(G)| under any one of the following conditions:

(1) rzn/2,

@ p'z|Ziz],

() If class of G=m=3, then n+1—-2r<m.

Proof. By direct calculation (see Note 3) we have |A44(G)|=p# where
A=r-3,2, ¢, Since G/G, is not cyclic, D,z; c,=2. Thus, |4,(G)| = p?. Next we
observe that |4.(G)-I(G)| 2 p™*"[|Z./Z|. The proofs of these three statements now
follow.
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